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Abstract
Monoaxial chiral magnets can form a noncollinear twisted spin structure called the chiral helimagnetic state. We
study magnetic properties of such a chiral helimagnetic state, with emphasis on the effect of itinerant electrons.
Modeling a monoaxial chiral helimagnet by a one-dimensional Kondo lattice model with the Dzyaloshinskii–Moriya
interaction, we perform a variational calculation to elucidate the stable spin configuration in the ground state. We
obtain a chiral helimagnetic state as a candidate for the ground state, whose helical pitch is modulated by the model
parameters: the Kondo coupling, the Dzyaloshinski–Moriya interaction, and electron filling.
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1. Introduction
Chirality in the lattice structure plays an impor-
tant role in magnetism through the spin–orbit coupling
which couples the orbital motion of electrons and the
spin degree of freedom. It often leads to noncollinear
and noncoplanar spin textures, such as a chiral heli-
magnetic (CHM) state [1, 2, 3] and a skyrmion crys-
tal [4, 5, 6]. Such peculiar spin textures have attracted
attention as they may result in unusual magnetoelectric
phenomena, e.g., the topological Hall effect [7, 8, 9] and
the spin Hall effect [10].
An archetypal example of the CHM state is found
in CrNb3S6, which is a monoaxial chiral magnet with
space group of P6322. At low temperatures, the com-
pound exhibits a CHM order at zero magnetic field,
while it turns into a chiral soliton lattice (CSL) in
the magnetic field applied perpendicular to the chiral
axis [11, 12]. The CHM and CSL states were ob-
served by using the Lorentz microscopy with a trans-
mission electron microscope and the small-angle elec-
tron diffraction [13]. Theoretically, since the pioneer-
ing work by Dzyaloshinskii [1, 14], the CHM and
CSL states have been studied for decades, whereas the
most of them were limited to localized spin systems
by omitting the degree of freedom for itinerant elec-
trons [15, 16, 17, 18]. Recently, the authors studied
this problem by explicitly taking into account the cou-
pling to itinerant electrons [19]. Monte Carlo simu-
lations for an extended Kondo lattice model with the
Dzyaloshinskii–Moriya (DM) interaction [20, 21] suc-
cessfully explain a correlation between the twist of CSL
and the electrical conduction.
In this paper, we report our theoretical study for the
ground state of the extended Kondo lattice model whose
finite-temperature properties were studied by the Monte
Carlo simulations. Focusing on the zero-field state, we
obtain the stable magnetic configuration in the ground
state by a variational calculation. We find that the model
exhibits a CHM state whose helical pitch depends on the
model parameters: the Kondo coupling, the DM inter-
action, and electron filling. Our results elucidate how
the CHM state is stabilized by the competition between
the DM interaction and an effective exchange interac-
tion mediated by itinerant electrons.
The organization of this paper is as follows. In
Section 2, we introduce a ferromagnetic Kondo lattice
model with the DM interaction and the method of vari-
ational calculations. The results for the optimized mag-
netic structures are shown in Section 3. Section 4 is
devoted to the summary.
2. Model and method
Following the previous study [19], we consider a fer-
romagnetic Kondo lattice model with the DM interac-
tion between the localized spins in one dimension. The
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Hamiltonian is given by
H = − t
∑
l,ν
(c
†
lν
cl+1ν + h.c.) − µ
∑
l,ν
c
†
lν
clν
− J
∑
l,ν,ρ
c
†
lν
σνρclρ · Sl − D ·
∑
l
Sl × Sl+1, (1)
where clν(c
†
lν
) is an annihilation (creation) operator for a
ν-spin electron at site l on the one-dimensional chain
(ν =↑ or ↓), µ is the chemical potential, and Sl =
(S x
l
, S
y
l
, S z
l
) is a three-component vector with normal-
ized length |Sl| = 1. We assume the periodic bound-
ary condition. The first term describes the kinetic en-
ergy of itinerant electrons; t is a transfer integral be-
tween the nearest-neighbor sites. The third term is for
the onsite coupling between the itinerant electrons and
localized moments; J is a positive coupling constant
and σ = (σx, σy, σz) are the Pauli matrices. The last
term represents the DM interaction with the DM vector
D = Dzˆ, where D > 0 and zˆ is a unit vector along the
chain direction. In this study, we focus on the case in
the absence of a magnetic field.
We study the ground state of the model in equa-
tion (1) by a variational calculation. As the variational
ground state, we assume a helical spin configuration
represented by
Sl = (cosQl, sinQl, 0), (2)
where Q is the wave number related with the helical
pitch L as L = 2pi/Q (we set the lattice constant as the
length unit). For the spin configuration, we can calcu-
late the energy dispersion of itinerant electrons as
ε(k) = − 2t cos k cos
Q
2
− µ
±
√
t2(1 − cos 2k)(1 − cosQ) + J2. (3)
Then, we can compute the total energy of the system by
E =
∑
−kF≤k<kF
ε(k) − DN sinQ, (4)
where kF is the Fermi wave number [ε(kF) = µ] and N
is the number of sites. In the variational calculations,
we optimize E by varying Q while tuning the chemical
potential µ to set the electron filling n at a particular
value. The electron filling n is defined by the average
number of electrons per site: n = 1
N
∑
−kF≤k<kF
, which
varies from 0 to 2. The optimal value of Q, which we
denote as Q∗, defines the pitch for the most stable helical
spin configuration. We set the energy unit t = 1 and take
N = 104 in the following calculations.
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Figure 1: Contour plot of the optimal wave number of the helical state,
Q∗/2pi, as a function of J and D. Q∗/2pi corresponds to the inverse of
the optimal helical pitch. We set the electron filling at quarter filling
n = 0.5.
3. Result
Figure 1 shows the result for the optimal wave num-
ber Q∗ as a function of J and D at quarter filling n = 0.5.
When D = 0, an infinitesimal J induces a helimagnetic
order (without chirality) with the optimal wave number
Q∗ = pi/2. This is due to the Ruderman–Kittel–Kasuya–
Yosida interaction [22, 23, 24] dictated by the twice of
the Fermi wave number 2kF = pi/2 at quarter filling
n = 0.5. While increasing J at D = 0, Q∗ becomes
smaller (namely, the helical pitch becomes longer), and
Q∗ vanishes for J & 1.6, as shown in Fig. 1. This in-
dicates that the lowest-energy state is given by a sim-
ple ferromagnetic order without any twist for J & 1.6
at D = 0. The ferromagnetic state is stabilized by the
effective ferromagnetic interaction mediated by the ki-
netic motion of itinerant electrons, called the double-
exchange interaction [25, 26].
When D is turned on, Q∗ increases as D increases
(except for J = 0). As shown in Fig. 1, however, the
increase of Q∗ becomes slower for larger J. This is
because the effective magnetic interaction mediated by
itinerant electrons becomes stronger for a larger J. In
the limit of D → ∞, the system prefers the helical order
with pi/2 rotation of spins between neighboring sites for
any value of J, and hence, Q∗ converges to pi/2.
We also investigate the n dependence of the optimal
wave number Q∗. Figure 2 displays the values of Q∗/2pi
as functions of D at several electron fillings n for J = 2.
At a low filling, for instance, at n = 0.1, Q∗ is zero at
D = 0 (ferromagnetic state) and grows gradually as D
increases (CHM state). The growth rate is suppressed as
n increases because the effective ferromagnetic interac-
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Figure 2: D dependence of the optimal wave number Q∗/2pi for sev-
eral values of n. We take J = 2.
tion is enhanced as the kinetic energy of itinerant elec-
trons increases. Above n ≃ 0.25, however, the growth
rate become more rapid again as n increases. We con-
firm that, by Monte Carlo simulations at low temper-
atures, the nonmonotonic behavior of the growth rate
of Q∗ for D correlates with the stability of the ferro-
magnetism at D = 0 (not shown here). With a further
increase of n, Q∗ becomes nonzero at D = 0 above
n ≃ 0.56. This is due to a phase separation between
the ferromagnetic state at n ≃ 0.56 and the antiferro-
magnetic state at half filling n = 1 [27].
4. Summary
To summarize, we have studied the ground state of
the one-dimensional Kondo lattice model with the DM
interaction by using the variational calculation. We
showed that the competition between the DM interac-
tion and the effective magnetic interaction induced by
the kinetic motion of itinerant electrons stabilizes the
CHM state. We clarified how the helical pitch depends
on the model parameters, i.e., the Kondo coupling J, the
DM interaction D, and electron filling n. In the previ-
ous study [19], the authors performed the Monte Carlo
simulations by choosing the parameters to set the heli-
cal pitch L = 2pi/Q∗ = 10 at zero magnetic field. From
Fig. 2, we can find that this is achieved, e.g., by taking
J = 2, D = 0.035, and n = 0.5, which are indeed the
parameters used in the previous study [19].
While we have focused on the magnetic state at zero
magnetic field in the present study, the variational cal-
culation can be extended to the ground state in an ap-
plied magnetic field. In the magnetic field applied to the
chiral axis, a peculiar chiral soliton lattice (CSL) state
is expected in this system, as mentioned in Sec. 1. It
would be interesting to extend our variational study for
investigating the optimal magnetic state while changing
the magnetic field. In particular, it is an intriguing issue
to clarify the role of itinerant electrons in the CSL state,
by comparing with the previous results for the models
with localized spins only.
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